Abstract. We show that the homotopy class of a quasiconformal self-map of the universal hyperbolic solenoid H ∞ is the same as its isotopy class and that the uniform convergence of quasiconformal self-maps of H ∞ to the identity forces them to be homotopic to conformal maps. We identify a dense subset of T (H ∞ ) such that the orbit under the base leaf preserving mapping class group MCG BLP (H ∞ ) of any point in this subset has accumulation points in the Teichmüller space T (H ∞ ). Moreover, we show that finite subgroups of MCG BLP (H ∞ ) are necessarily cyclic and that each point of T (H ∞ ) has an infinite isotropy subgroup in MCG BLP (H ∞ ).
Introduction
The universal hyperbolic solenoid H ∞ was introduced by Sullivan in [13] . Its definition is motivated by dynamics. The solenoid H ∞ is a fiber space over a closed Riemann surface of genus greater than 1 which is locally homeomorphic to a disk times a Cantor set. The path components of H ∞ are called leaves. Each leaf is homeomorphic to the unit disk. There is a distinguished leaf, called the base leaf. The solenoid H ∞ supports complex structures and the Teichmüller space T (H ∞ ) of H ∞ is a certain closure of the stack of the Teichmüller spaces of all closed surfaces of genus greater than 1 (see [13] and [10] ). Also, T (H ∞ ) can be seen as a complex submanifold of the universal Teichmüller space in the sense of Ahlfors-Bers [1] . As usual in Teichmüller theory every point of T (H ∞ ) can be represented by a quasiconformal map f and by a complex solenoid X, where f : H ∞ → X. In this paper we assume that quasiconformal mappings are smooth. This technical requirement is necessary in order to make a proper definition of continuity for the transversal variation on local charts [13] .
It is classical that two homotopic quasiconformal homeomorphisms of a closed Riemann surface are in fact isotopic (this is true in the case of arbitrary noncompact Riemann surfaces; see [6] ). Our first result shows that the homotopy class of a quasiconformal self-map of H ∞ is the same as the isotopy class. We also show that any homeomorphism h : H ∞ → H ∞ is homotopic to a quasiconformal self-map of H ∞ (see Theorem 3.2) . This property is shared by closed surfaces but is not true for geometrically infinite surfaces, e.g. unit disk.
If a sequence of quasiconformal self-maps of a closed Riemann surface converges uniformly on compact susets to the identity, then all but finitely many of these quasiconformal mappings must be isotopic to the identity. However, most non-compact Riemann surfaces do not have this property. We say that H ∞ is a transversely locally constant (TLC) complex solenoid if the complex structure on H ∞ is the lift of the complex structure on a closed Riemann surface under the fiber map. We show that H ∞ satisfies the following. 
The mapping class group MCG(H ∞ ) of the universal hyperbolic solenoid H ∞ consists of isotopy classes of quasiconformal self-maps h : H ∞ → H ∞ . An element h ∈ MCG(H ∞ ) defines a geometric isomorphism ρ h : T (H ∞ ) → T (H ∞ ) by ρ h ([f ]) = [f • h −1 ], for [f : H ∞ → X] ∈ T (H ∞ ). The base leaf preserving mapping class group MCG BLP (H ∞ ) consists of all h ∈ MCG(H ∞
which preserve the base leaf of H ∞ . The virtual automorphism group V aut(π 1 (S)) of the fundamental group of a closed surface S of genus greater than 1 is isomorphic to MCG BLP (H ∞ ) (see [11] and [3] ). Any finite subgroup of the mapping class group of a closed surface S of genus greater than 1 is realized as the isotropy group of a point in the Teichmüller space T (S) of S [8] . A self-map of a closed surface of genus greater than 1 lifts to a self-map of the solenoid H ∞ (there are infinitely many lifts of a single self-map Let X be a TLC complex solenoid with its complex structure lifted from a closed Riemann surface S. The isotropy subgroup of [f :
is isomorphic to the commensurator of a Fuchsian covering group of S in the group of automorphisms of the unit disk (see [11] and [3] ).
We consider the isotropy group of an arbitrary [f :
where X is not a TLC solenoid. The holomorphic universal covering of X is the unit disk times a Cantor set [12] . The group of automorphisms of the universal covering space of X consists of all homeomorphisms which are isometries on disks and are continuous for the transversal variation. The universal covering group of X is a subgroup of the group of automorphisms. 
There is a natural partial ordering defined by
The set of all coverings is inverse directed, and the universal hyperbolic solenoid H ∞ is the inverse limit of this directed set (Sullivan [13] ). A point on the solenoid H ∞ consists of a choice of one point y i ∈ S i for each covering π i : S i → S such that there exists a fixed point y ∈ S with π i (y i ) = y for each covering π i and that if π i ≤ π j , then π j,i (y j ) = y i . The basepoint of H ∞ is the choice of the basepoint x i on each covering surface S i over the basepoint x of S. The topology on H ∞ is the subspace topology of the product topology on the infinite product of all closed surfaces in the finite coverings of S.
The universal hyperbolic solenoid H ∞ is a compact topological space which fibers over any surface in the finite coverings of S, including S itself. The natural projection map π ∞ : H ∞ → S i is given by projecting a point in H ∞ to its ith coordinate on S i . The fibers are homeomorphic to a Cantor set. The path components of the solenoid H ∞ are called leaves. Each leaf is homeomorphic to a 2-disk, and it is dense in H ∞ . The base leaf is a distinguished leaf which contains the basepoint. For details see [10] .
The solenoid H ∞ is locally a 2-disk times a Cantor set. An atlas on H ∞ consists of a covering {V i ; i ∈ I} by open sets together with the chart maps ψ i :
where U i is a 2-disk and T i is a Cantor set (called the transversal direction). The transition maps ψ j • ψ are C ∞ in the disk direction, and they are continuous for the transversal variation in the C ∞ -topology on maps. A complex structure on the solenoid H ∞ is a choice of an atlas such that the transition maps are holomorphic in the disk direction and continuous for the transversal variation in the C 0 -topology [13] . A complex structure on H ∞ corresponds to a conformal structure. Candel [4] (see also [7] ) showed that each conformal structure on H ∞ contains a unique hyperbolic metric. We consider complex structures subordinate to a fixed differentiable structure. Any leaf of a complex solenoid inherits a complex structure such that it is biholomorphic to the unit disk.
A complex structure which is locally constant in the transversal direction is called a transversely locally constant (TLC) complex structure. A TLC complex solenoid X is obtained by lifting the complex structure on a closed Riemann surface of genus greater than 1 by the natural projection map [10] .
We use a different description of a TLC complex solenoid. Let G be a Fuchsian uniformization group of a closed Riemann surface of genus greater than 1. Let G n be the intersection of all subgroups of G of index at most n. Then {G n } is a decreasing sequence of finite index characteristic subgroups of G. We define a metric on G by
The closure of G in the metric ρ is a compact topological group homeomorphic to a Cantor set, called the profinite completion group G (see [11] , [3] and [12] ). Let ∆ denote the unit disk with the hyperbolic metric. Then ∆× G G := ∆× G/G is a TLC complex solenoid, where the action of G on ∆× G is defined by A(z, t) = (Az, tA −1 ) (see [2] and [11] ). Note that t ∈ G is an equivalence class of Cauchy sequences and tA −1 is defined by left multiplication of elements of the Cauchy sequence t by A −1 . The base leaf of ∆ × G G is the orbit of ∆ × {id} under G. Moreover, ∆ × G is the universal holomorphic covering space, and π : ∆ × G → ∆ × G G defined by π(z, t) = (z, t)/G is the universal holomorphic covering map for the TLC complex solenoid ∆× G G. The holomorphic covering group is G. When restricted to a single leaf ∆ × {t}, the covering map π is an isometry for the corresponding hyperbolic metrics. From now on, we fix a TLC complex solenoid H ∞ ≡ ∆ × G G and denote by X an arbitrary complex solenoid which is not necessarily TLC.
Let X and Y be two complex solenoids. A homeomorphism f : X → Y is said to be quasiconformal if it is smooth on each leaf and continuous for the transversal variation in the C ∞ -topology on maps. Since X and Y are compact and f is continuous in the C ∞ -topology, it follows that f is quasiconformal on each leaf in the usual sense and that the Beltrami coefficient µ of f is smooth, continuous for the transversal variation and µ ∞ < 1.
We introduced in [12] the universal holomorphic covering for an arbitrary complex solenoid X using the marking f : H ∞ → X, where f is a quasiconformal map and H ∞ ≡ ∆ × G G is a fixed TLC complex solenoid. The universal holomorphic covering for X is a holomorphic local isometry π X : ∆ × T → X, where T is the transverse part of a fixed local chart. In addition, T is equipped with a homeomorphism to G via the marking map f : H ∞ → X. The covering map π X , when restricted to a leaf ∆ × {t} for t ∈ T , is a conformal automorphism in the corresponding complex structures. We also introduced the covering group G X which consists of leafwise conformal isomorphisms which are continuous for the transversal variation [12] . Equivalently, G X consists of hyperbolic isometries continuous for the transversal variation. In addition, G X is isomorphic to G. The fundamental set for the action of G X can be chosen to be compact [12] . The marking f : [13] . We denote by [f : 
Homotopies and isotopies
Let f and g be two homotopic quasiconformal maps of a Riemann surface S onto itself. Then f and g are isotopic through quasiconformal maps. This is a classical result when S is a closed surface. For arbitrary Riemann surfaces this was proved by Earle and McMullen [6] using the barycentric extension [5] .
We consider the similar question for solenoids, namely whether the homotopy class of a quasiconformal self-map of a complex solenoid X is the same as the corresponding isotopy class. We require that the homotopies and the isotopies are leaf preserving. An isotopy
We start by considering the homotopy class of the identity map.
Lemma 3.1. Let f : X → X be a quasiconformal self-map of a complex solenoid X homotopic to the identity map. Then f is isotopic to the identity map by a uniformly quasiconformal isotopy.
Proof. Assume first that X ≡ ∆ × G G is a TLC complex solenoid and f a quasiconformal self-map of X. Since f is homotopic to the identity map there exists a homotopy
is continuous in p and s, and
Now, fix a point p 0 ∈ X. Since the path f s (p 0 ), 0 ≤ s ≤ 1, connects the points p 0 and f (p 0 ), we have that these two points lie in the same path component in X. Since the leaves are the path components in X, the conclusion is that the map f preserves each leaf in X. Also, let d(p) = σ(p, f (p)), where σ is the hyperbolic metric on the leaf that contains points p, f (p). We just saw that this is well defined, and from the continuity of f s (p) it follows that d(p) is a continuous function on X. Since X is a compact topological space, there exists M > 0 such that d(p) < M for p ∈ X. Therefore, the restriction of f on each leaf is a quasiconformal self-map of that leaf which is a finite hyperbolic distance apart for the identity map. So, we have that f extends continuously to the identity map on the ideal boundary of each leaf.
Using the facts that f is quasiconformal and that f preserves each leaf, it follows that the restrictionf of f to the base leaf of ∆ × G G conjugates a finite index subgroup H of G onto another finite index subgroup K (Odden [11] ). Sincef is the identity on the boundary of the base leaf, it has to conjugate each element of H onto itself. We identify the base leaf with the unit disk ∆. Then
, is the lift of f : X → X to the universal covering π : ∆ × H → X invariant under the action of H. Earle and McMullen [6] showed that there exists an isotopyf s , 0 ≤ s ≤ 1, such thatf 1 =f and f 0 = id, and which is invariant under the action of H.
, is invariant under the action of H on ∆ × H, and it projects to leaf preserving, quasiconformally bounded, isotopy f s : X → X such that f 1 = f and f 0 = id. We note that the method of Earle and McMullen provides that maps f s in the isotopy are smooth if f is smooth.
Assume that X is a complex solenoid which is not TLC. • f • g is isotopic to the identity. Conjugating this isotopy back to X we see that f is isotopic to the identity as well.
Let f : X → Y and g : X → Y be two homotopic quasiconformal maps. Then g −1 • f : X → X is homotopic to the identity. By the above theorem, the map g −1 • f is isotopic to the identity. This proves the following theorem. Any homeomorphism between two closed Riemann surfaces is homotopic (even isotopic) to a quasiconformal map. In general, two homeomorphic Riemann surfaces are not quasiconformally equivalent, e.g. a punctured disk and an annulus. Let
We show that it is homotopic to a quasiconformal self-map of H ∞ . Proof. Since h is base leaf preserving, it conjugates the action of a finite subgroup H of G onto the action of a finite subgroup K of G on the base leaf (see [11] and [3] ). Therefore, h descends to a homeomorphismh between closed Riemann surfaces ∆/H and ∆/K. As such,h is homotopic to a quasiconformal mapf : ∆/H → ∆/K. Consequentlyf lifts to a quasiconformal map f of the base leaf onto itself homotopic to h. The map f produces a quasiconformal map of H ∞ onto itself by extending it in a locally constant fashion in the transverse direction.
The stability property
A family of K-quasiconformal maps of the complex solenoid H ∞ onto a fixed complex solenoid X does not have to be compact (as far as we know the first examples of this were given by Adam Epstein). This is in contrast to the compactness properties of quasiconformal maps on Riemann surfaces. Thus, some aspects of the issues related to convergence of quasiconformal maps of solenoids may be more subtle than in the case of Riemann surfaces.
On the other hand, let f n : S → S be a sequence of homeomorphisms of a closed Riemann surface S onto itself which converges uniformly on S to the identity map. It is well known that in this case there exists n 0 such that each f n for n > n 0 is homotopic to the identity map (the stability property for closed Riemann surfaces). This property is not true for certain open Riemann surfaces (e.g. the unit disc) or geometrically infinite Riemann surfaces (e.g. Riemann surfaces of infinite genus). The complex solenoid H ∞ is a compact space, but each leaf is conformally equivalent to the unit disk. Therefore, it is interesting to investigate whether the corresponding stability property holds in this case.
First, we consider the case when H ∞ is endowed with a TLC complex structure H ∞ ≡ ∆× G G, where G is the Fuchsian group uniformizing a given closed Riemann surface. Recall that π : ∆ × G → H ∞ is the universal covering. We identify the base leaf of H ∞ with the unit disk ∆ using the covering map π :
The following theorem gives a version of the stability property for homeomorphisms of TLC solenoids. 
Proof. The restriction of the topology of the solenoid H ∞ to the base leaf ∆ × {id} is given as follows. Let σ(z, w) be the hyperbolic distance in the unit disk ∆. Then the distance d(z, w) = inf A∈G max{σ(z, Aw), ρ(A, id)} induces the subspace topology on the base leaf ∆ (see [11] ) (recall that ρ(A, id) is the distance function for the group G). Let B δ (x) be the ball of radius δ around x ∈ ∆ for the metric d introduced above (the base leaf is identified with ∆). Since f n converges uniformly in the metric d to the identity map, for a given > 0, there exist n 0 > 0 and δ > 0 such that
for all x ∈ ∆ and for all n > n 0 . We choose > 0 to be smaller than the minimum of the translation lengths of the elements of G − {id} (since G is a covering group of a closed Riemann surface, this minimum is attained and is positive). Fix n > n 0 . By (4.1) and from the definition of the metric d, we have that for each x ∈ ∆ there exists a unique B 
Thus the map f n , when restricted to the base leaf, is homotopic to , t) , B ∈ G, and it projects to the base leaf preserving conformal map c n :
The previous theorem shows that in the case of TLC solenoids the uniform convergence of a sequence of quasiconformal maps implies that all of them (except maybe finitely many of them) are homotopic to each other modulo a conformal automorphism of H ∞ . The following theorem gives the appropriate statement for the general case. A sequence of quasiconformal self-maps of a non-TLC solenoid which uniformly converges to the identity is not necessarily homotopic to a sequence of conformal maps. This is a consequence of the proof of Theorem 5.1 below (put t 0 = id in the proof). Therefore, Theorem 4.2 is the strongest statement for non-TLC solenoids. 
Orbits of MCG BLP (H
∞ ) Let h : H ∞ → H ∞ be a quasiconformal self-map of H ∞ . Then the map h induces the geometric isomorphism ρ h : T (H ∞ ) → T (H ∞ ) by the formula ρ h ([f ]) = [f • h −1 ],
for [f ] ∈ T (H ∞ ). The geometric isomorphism ρ h is a biholomorphic isometry of the Teichmüller space T (H ∞
preserves the base leaf, then it induces a partial automorphism of G (see C. Odden's thesis [11] or [2] ). Namely, there exist two finite index subgroups H and K of G such that the restriction of h to the base leaf of H ∞ conjugates H to K. Two partial automorphisms of G are equivalent if they agree on a finite index subgroup of G. The equivalence class of a partial automorphism is called the virtual automorphism. The composition of any two virtual automorphisms is well defined. The set of virtual automorphisms has the group structure with the group operation being composition. Finally, the group MCG BLP (H ∞ ) of the base leaf preserving quasiconformal self-maps of H ∞ up to isotopy is naturally isomorphic to the group of virtual automorphisms of G (see [11] or [2] ).
The classical conjecture of Ehrenprise concerning finite covers of closed Riemann surfaces (see [2] ) is equivalent to the statement that the action of 
The expression AtA −1 is well defined because, by the definition, t ∈ G is an equivalence class of Cauchy sequences in G and so is AtA −1 . Note that
A(B(z, t)) = (ABz, AtB
ThusÃ(z, t) projects to the isometryÂ : 
by the invariance ofμ under the action of G on ∆ × G. In other words, (Ã) * (μ) on ∆ × {t} is obtained by the pullback ofμ from the leaf ∆ × {At} via the transverse identification map (z, t) → (z, At).
Let µ be a smooth Beltrami coefficient on H ∞ which is not Teichmüller equivalent to a TLC Beltrami coefficient and letμ be the lift of µ to ∆ × G. Then there exists t 0 ∈ G−G such thatμ(·, id) is not equivalent toμ(·, t 0 ) when considered as Beltrami coefficients on the unit disk ∆(≡ ∆ × {id} ≡ ∆ × {t 0 }). If not, thenμ would be constant everywhere by the density of G−G in G. Furthermore, there is a sequence A n ∈ G such that ρ(A n , t 0 ) → 0 as n → ∞ and such thatμ(·, A n ) is not Teichmüller equivalent toμ(·, t 0 ). If this was not true, thenμ(·, t) would be a TLC Beltrami coefficient in a neighborhood of t 0 ∈ G. Consequently, µ would be a TLC smooth Beltrami coefficient on H ∞ which contradicts the choice of µ.
Sullivan [13] showed that the restriction of the complex structure on H ∞ to the base leaf uniquely determines the complex structure on H ∞ . Note thatμ(z, A n ) → µ(z, t 0 ) as n → ∞ in the essential supremum norm because of the transverse continuity ofμ on the fundamental set and because of its invariance under G. Since (Ã n ) * (μ)(z, id) =μ(z, A n ) we get that the orbit (Ã n ) * (μ) converges to a smooth Beltrami coefficientν(z, t) :=μ(z, t 0 t). Therefore, (Â n ) * (µ) → ν as n → ∞, where ν is the projection ofν on H ∞ . We showed that for any non-TLC point [µ] ∈ T (H ∞ ) there exists a sequence A n ∈ G such that (Â n ) * (µ) has an accumulation point, whereÂ n ∈ MCG BLP (H ∞ ).
A direct consequence of the above theorem as well as Theorem 7.1 is the following. Proof. Consider h : ∆ × G G → ∆ × G G and let l be the image of the base leaf under h. By our assumption, l is not the base leaf. The preimage of l under the universal covering map π :
Thent 0 projects to an isometryt 0 of H ∞ which sends the base leaf to l and h 0 = h •t
Finite subgroups of MCG BLP (H ∞ )
A finite subgroup of the mapping class group of a closed Riemann surface S is realized as an isotropy subgroup of a point in the Teichmüller space T (S) (see [8] ). Let f : S → S be a smooth quasiconformal self-map of the closed Riemann surface S. Let G be a Fuchsian group such that S = ∆/G and letf : ∆ → ∆ be the lift of f which conjugates G onto itself. The mapF :
is obtained by conjugating elements of a Cauchy sequence representing t. Note thatftf −1 is a Cauchy sequence for ρ because the groups G n are characteristic. ThereforeF projects to a quasiconformal map F :
is locally constant in the transverse direction. Such a map F : H ∞ → H ∞ is said to be mapping class-like (see [11] ). Note that a single f : S → S induces infinitely many corresponding maps F : H ∞ → H ∞ depending on the liftf : ∆ → ∆.
Let F mod be a finite subgroup of the base leaf preserving mapping class group MCG BLP (H ∞ ) of the solenoid H ∞ . We show that F mod consists only of mapping class-like elements of MCG BLP (H ∞ ). Proof. We use an idea of C. Odden [11] . Letf be the restriction of the lift of an element of F mod to the base leaf ∆ × {id} ⊂ ∆ × G. Thenf conjugates a finite index subgroup Gf of G onto another finite index subgroup of G (see [11] and [3] ).
We define
Gf .
Since H 1 is a finite intersection of finite index subgroups of G, it follows that H 1 has a finite index in G. We define a finite index subgroup
of G. By the definition H is invariant under conjugations by all elementsf ∈ F mod . Consequently, eachf ∈ F mod projects to a self-map of the Riemann surface ∆/H. Thus, elements of F mod are lifts of self-maps of the closed surface ∆/H. Namely, F mod consists of mapping class-like elements.
By the Nielsen realization property for closed surfaces [8] , there exists a Fuchsian group H 2 which is quasiconformally conjugate to H and such thatf ∈ F mod are isotopic to the lifts of isometries of the closed Riemann surface ∆/H 2 . Then, the solenoid ∆ × H 2 H 2 with the TLC complex structure obtained by the lift of the complex structure on ∆/H 2 has F mod as a subgroup of its isometry group. Therefore F mod is the isotropy group of [g :
, where g is a quasiconformal map.
By the above theorem, the restriction of a finite subgroup of MCG BLP (H ∞ ) to the base leaf of the TLC complex solenoid fixed by the group consists of conformal automorphisms for the complex structure of the base leaf (which is conformally equivalent to the unit disk). A finite subgroup of the orientation preserving automorphism group of the disk is necessarily cyclic with an elliptic generator. Therefore, any finite subgroup of MCG BLP (H ∞ ) is necessarily cyclic.
There exists a finite order element F of the mapping class group MCG(S) of a closed Riemann surface S which lifts to a finite order element of MCG BLP (H ∞ ). To see this, let S 1 be a Riemann surface quasiconformally equivalent to S such that F : S 1 → S 1 is isotopic to a conformal map c : S 1 → S 1 . Such S 1 and c exist by the Nielsen Realization property for closed surfaces (see [8] ). Then c lifts to a conformal map C : X → X, where the TLC complex solenoid X is obtained by lifting the complex structure of S 1 . The lift C is conformal on leaves of X. Clearly, C has finite order if and only if it is elliptic on the baseleaf. In that case, C fixes a point on the baseleaf and therefore its projection c : S 1 → S 1 has a fixed point. On the other hand, if c : S 1 → S 1 has a fixed point, then there exists a liftc : ∆ → ∆ which fixes a point on the base leaf ∆. Then the holomorphic extension map C : X → X ofc fixes a point on the baseleaf. However, not every liftc : ∆ → ∆ has a fixed point even though c : S 1 → S 1 has a fixed point. This shows that finite subgroups of MCG BLP (H ∞ ) exist. [11] proved that the isotropy subgroup of the base point of T (H ∞ ) is isomorphic to the commensurator of G (see also [3] ). The group G is a subgroup of the commensurator Comm(G). The classical result of Margulis [9] states that there exist only countably many groups whose commensurators are dense in Aut(∆). These are arithmetic groups, and they induce TLC complex structures on the solenoid which have large isometry groups. On the other hand if the commensurator is not dense in Aut(∆), then the group G has the finite index in Comm(G).
Assume now that X is a solenoid with a non-TLC complex structure. We recall that ∆ × T is the universal covering space and that the covering group G X is isomorphic to G. An element A X ∈ G X is a leafwise isometry on ∆ × T which is continuous for the transversal variation. We define the automorphism group Aut(∆ × T ) of ∆ × T to consist of all leafwise isometries which are continuous for the transversal variation. Clearly, G X is a subgroup of Aut(∆ × T X ).
The commensurator Comm(G X ) of G X consists of all transversely continuous leafwise isometries 
thatf conjugates the action of G to the action of G X and gives the identificationf : G ≡ T (see [12] 
Note that any t ∈ T 1 ≡ H is an equivalence class of Cauchy sequences in H X ≡ H, where the identification of H with H X is by the conjugation withf .
We defineÃ X :
X is defined by conjugating elements of the Cauchy sequence corresponding to t ∈ T 1 ≡ H with A X ∈ Comm(G X ) and where A X (z) is the z-variable part of A X (z, t). The sequence
Similar to the proof of Theorem 4.1,Ã X projects to a base leaf preserving isometrŷ
Clearly, (A • B) X =Â X •B X . The map I : A X →Â X from Comm(G X ) into the group of isometries Isom(X) for the hyperbolic metric on X is a homomorphism. We note that Isom(X) is exactly the isotropy group of [f ] ∈ T (H ∞ ). We show that I is injective. It is enough to show that ifÂ X acts by the identity on X, then A X = id for the equivalence relation on Comm(G X ). The assumption that A X is the identity implies the existence of B X ∈ K X such thatÃ X (z, t) = B X (z, t) for all (z, t) ∈ ∆ × T 1 . If we let t = id above, this implies B X = id. Since A X H X A −1 X = K X and the base leaf is dense in H ∞ , it follows thatÃ X equals the identity on ∆ × H X . Therefore, I is one to one.
It remains to show that I is surjective. Let ψ : X → X be a base leaf preserving isometry of X. Then ψ 1 = f −1 • ψ • f : H ∞ → H ∞ is a base leaf preserving quasiconformal map. We identify the base leaf with ∆. The restrictionψ 1 of ψ 1 to the base leaf conjugates a finite index subgroup H onto another finite index subgroup K of the group G (see [11] or [3] is an element of K (see [11] ). We note thatΨ 1 ThenΨ projects to a self-map Ψ of X and Ψ agrees with the isometry ψ : X → X on the base leaf. Therefore Ψ is an isometry, and its liftΨ : ∆ × T 1 → ∆ × T 2 is an isometry itself.
It is obvious that G X is a subgroup of Comm(G X ). Thus any non-TLC complex solenoid X has an infinite group of isometries Isom(X). The same property holds for TLC solenoids (see [11] or [2] ).
Corollary 7.1. Any point in T (H ∞ ) has an infinite isotropy subgroup in the base leaf preserving mapping class group MCG BLP (H ∞ ).
In the view of the corresponding situation for TLC solenoids we ask the following question:
Question. Is there a non-TLC solenoid X such that the restriction of the base leaf preserving isometry group Isom(X) to the base leaf of X is dense in Aut(∆)?
We showed (see Corollary 7.1) that each point in T (H ∞ ) has an infinite isotropy subgroup in MCG BLP (H ∞ ). By the counting argument we conclude that some elements of MCB BLP (H ∞ ) have uncountably many fixed points. We show that A ∈ MCG BLP (H ∞ ), for A ∈ G, has uncountably many fixed points: ) for all B ∈ G n and for all t ∈ G. Since A ∈ G n , it follows that A * μ (z, t) =μ(Az, AtA −1 )Ā (z) A (z) =μ(z, At) =μ(z, t).
ThusÂ fixes the image of T (∆/G n ) in T (H ∞ ).
